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ghwhuplqlvwlf sruwirolrv1 Wklv lv uhodwhg wr dq djjuhjdwlrq sureohp1 Wkh
vhfrqg sduw ri wklv sdshu wkhq frqfhqwudwhv rq wklv lvvxh1 Zh vwxg| wzr dowhuqdwlyh phwkrgv
ri djjuhjdwlrq1 +l, sruwirolr djjuhjdwlrq = Jlyhq dq +q> q,frkhuhqw ulvn phdvxuh/ dqg d
ghwhuplqlvwlf ixqfwlrq i = L U
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/ zh surylgh qhfhvvdu| dqg vxflhqw frqglwlrqv iru
wkh vhw0ydoxhg pds U  i wr eh d +g> q,frkhuhqw ulvn phdvxuh/ +ll, ulvn djjuhjdwlrq = Jlyhq
d +g> g,frkhuhqw ulvn phdvxuh/ dqg d ghwhuplqlvwlf ixqfwlrq j = L U
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qhfhvvdu| dqg vxflhqw frqglwlrqv iru wkh vhw0ydoxhg pds fo^j  U` wr eh d +g> q,frkhuhqw
ulvn phdvxuh1 Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq BB frqwdlqv rxu ghqlwlrq ri yhfwru0
ydoxhg frkhuhqw ulvn phdvxuh1 Vhfwlrq BB uhsruwv wkh jhrphwulf dqg wrsrorjlfdo surshuwlhv
lpsolhg e| wkh vxjjhvwhg ghqlwlrq/ dqg qhhghg iru wkh vxevhtxhqw dqdo|vlv1 Vhfwlrq BB
surylghv wkh gxdo uhsuhvhqwdwlrq ri yhfwru0ydoxhg frkhuhqw ulvn phdvxuhv1 Lq vhfwlrq BB/
zh glvfxvv wkh sureohp ri uhohydqf|/ d qrwlrq zklfk lv forvho| uhodwhg wr wkh qr0duelwudjh
frqglwlrq1 Ilqdoo|/ wkh deryh phqwlrqhg djjuhjdwlrq lvvxh lv dgguhvvhg lq vhfwlrqv BB dqg
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odvw gq frpsrqhqwv duh }hur/ iru vrph lqwhjhu q  g1 Wklv vxjjhvwv wkh iroorzlqj qrwdwlrq
+zklfk zloo eh xvhg wkurxjkrxw wkh sdshu, =
iru doo { 5 L U
?
>  { =@ +{> 3, 5 L U
_
=
Lq frqfoxvlrq/ wkh qrwlrq ri +g> q,ulvn phdvxuh vkrxog eh ghqhg dv d pds iurp O
"
_
+wkh vhw ri erxqghg udqgrp sruwirolrv, lqwr wkh vxevhwv ri L U
?
1 Zh vxjjhvw wkh iroorzlqj
ghqlwlrq zklfk zloo eh vkrzq wr eh d frqyhqlhqw h{whqvlrq ri DGHK wr rxu frqwh{w1
Ghqlwlrq 514 D +g> q,frkhuhqw ulvn phdxuh lv d vhw0ydoxhg pds U = O
"
_  $ $ L U
?
vdwlvi|lqj wkh iroorzlqj d{lrpv = D3 0 Iru doo [ 5 O
"
_ / U+[, lv forvhg/ dqg 3 5 U+3, 9@
L U
?
> D4 0 Iru doo [ 5 O
"
_ = [  3 S d1v1 @ , U+3,  U+[,> D5 0 Iru doo [> \ 5 O
"
_ /
U+[, . U+\ ,  U+[ . \ ,> D6 0 Iru doo w A 3 dqg [ 5 O
"
_ / U+w[, @ w U+[,> D7 0 Iru
doo { 5 L U
?
dqg [ 5 O
"
_ / U+[ .  {, @ i{j . U+[,1
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frpsuhkhqvlyh zklfk hqvxuhv wkdw lq wkh rqh glphqvlrqdo fdvh U lv ri wkh deryh irup/ vhh
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Ehiruh jrlqj dq| ixuwkhu/ zh eulh| frpphqw D{lrpv D3 wkurxjk D7 lqwurgxfhg lq wkh
suhylrxv ghqlwlrq1 0 Wkh uvw uhtxluhphqw lq D3 lv qdwxudo/ dqg rqo| qhhghg iru whfkqlfdo
uhdvrqv1 Wkhq/ D3 vd|v wkdw 3 lv d ghwhuplqlvwlf sruwirolr zklfk doorzv wr fdqfho wkh ulvn
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Uhpdun 516 Wklv ghqlwlrq lv prwlydwhg e| wkh iroorzlqj revhuydwlrq1 Ohw U eh d +g> q,frkhuhqw
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wkh vxevhtxhqw vhfwlrq1
Zh qrz vkrz wkdw wkh qrwlrqv ri dffhswdqfh vhwv lv gluhfwo| frqqhfwhg wr frkhuhqw ulvn
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wkdw D lv d frqyh{ frqh1 Ilqdoo| D7 lv gluhfwo| rewdlqhg iurp wkh ghqlwlrq ri U1 +ll,
Qrz/ vxssrvh wkdw U lv d +g> q,frkhuhqw ulvn phdvxuh1 Lq rughu wr suryh wkdw D lv d
+g> q,dffhswdqfh vhw/ zh uvw revhuyh wkdw
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Wkh ixqfwlrqdo Z FHk lv d frkhuhqw ulvn phdvxuh/ lq wkh vhqvh ri DGHK/ zklfk dsshduv
qdwxudoo| dv d jrrg dowhuqdwlyh iru wkh +qrq0frkhuhqw, Ydoxh0dw0Ulvn phdvxuh1 Zh qrz
surylgh dq h{whqvlrq ri wklv frkhuhqw ulvn phdvxuh wr rxu pxowl0glphqvlrqdo iudphzrun1
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ghqhv d +g> q,frkhuhqw ulvn phdvxuh1 Wklv lv d qdwxudo h{whqvlrq ri wkh zruvw frqglwlrqdo
h{shfwdwlrq ulvn phdvxuh wr wkh pxowl0glphqvlrqdo iudphzrun1 Qrwlfh wkdw wkh ulvn phdvxuh
Z FHk lv vkrzq wr frlqflgh zlwk wkh Wdlo YdU lq wkh rqh0glphqvlrqdo fdvh/ xqghu vxlwdeoh
frqglwlrqv/ dqg lv wkhuhiruh dv hdv| wr frpsxwh lq sudfwlfh dv wkh YdU phdvxuh1 Zh ohdyh iru
ixwxuh uhvhdufk wkh srvvleoh h{whqvlrqv ri wkhvh uhvxowv wr rxu pxowl0glphqvlrqdo iudphzrun1
 hLTih|it Lu ULihi?| ht! 4i@thit
Zh qrz ghulyh vrph surshuwlhv ri +g> q,frkhuhqw ulvn phdvxuhv dv ghqhg lq Ghqlwlrq
BB1
Surshuw| 614 U+[, lv d forvhg frqyh{ vxevhw ri L U
?




U+[, @ U+[, . U+3, iru doo [ 5 O
"
_ =
Surri1 E| D3/ U+[, lv forvhg iru doo [ 5 O
"
_ 1 Iurp D5 dqg D6/ zh kdyh
wU+[, . +4  w,U+[,  U+w[ . +4  w,[, @ U+[, iru doo w 5 ^3> 4` =
Wklv suryhv wkdw U+[, lv frqyh{1 Vlqfh 3 5 U+3, e| D3/ dqg wU+3, @ U+3, e| D6/ zh
ghgxfh wkdw U+3, lv d forvhg frqyh{ frqh1 Ilqdoo|/ xvlqj djdlq D5/ zh vhh wkdw U+[, . U+3,








































7Uhpdun 614 Lw iroorzv iurp Surshuw| BB wkdw D4 fdq eh zulwwhq lq =
D4  3 5 U+[, iru doo [ 5 O
"
+N, =
Vlploduo|/ wkh dffhswdqfh vhw dvvrfldwhg zlwk d +g> q,frkhuhqw ulvn phdvxuh ghqhg lq
Uhpdun BB fdq dovr eh zulwwhq lq =
D @ i[ 5 O
"
_ = 3 5 U+[,j =
wkh qh{w uhvxow uhtxluhv wkh iroorzlqj dgglwlrqdo qrwdwlrqv =
N? =@ i{ 5 L U
?
=  { 5 Nj dqg  Uf =@ U+3, _ U+3, =
Revhuyh wkdw  Uf lv d yhfwru vsdfh1
Surshuw| 615 +Frqvlvwhqf| zlwk , N?  U+3, dqg =
lqw+N?, _ U+3, @

N? q  Uf

_ U+3, @ > =
Surri1 41 Wr vhh wkdw N?  U+3,/ { vrph { 5 N?1 E| ghqlwlrq ri wkh sduwldo rughulqj/
zh kdyh  {  3/ dqg wkhuhiruh U+3,  U+ {, @ i{j . U+3, e| D4 dqg D71 Khqfh { 5 U+3,





@ i{ 5 L U
?
= {|  3j1 Fohduo|/ U+3,

@ i| 5 L U
?
= {|  3 iru doo { 5 U+3,j @
i| 5 L U
_
= U+3,  G+j1 Revhuyh wkdw U+3,

9@ i3j vlqfh U+3, lv d frqyh{ frqh e| Surshuw|
BB/ dqg U+3, 9@ L U
?
e| D31 Iurp wkh elsrodu wkhruhp/ lw iroorzv wkdw U+3, @ i{ 5 L U
?
=
{ 5 G+ iru doo | 5 U+3,

j1 Wklv suryhv lq sduwlfxodu wkdw =
{ 95  Uf l { 95 CG+ iru vrph | 5 U+3,

> +614,
zkhuh CG+ @ G+ _ G+1 Qrz wdnh dq duelwudu| { 5 lqw+N?,1 Wkhq { 5 lqw+G+, iru
doo | 5 U+3,

/ zklfk suryhv wkdw { 95  Uf iurp +BB,1 Khqfh lqw+N?,  +N? q  Uf,1 61
Xvlqj djdlq +BB, zh vhh wkdw/ iru doo { 5 N? zlwk { 95  Uf/ zh kdyh { 5 N? _ lqw+G+,
 G+ _ lqw+G+, @ lqw+G+, iru vrph | 5 U+3,

1 Wklv suryhv wkdw { 95 U+3, vlqfh
U+3,  G+1 Zh kdyh wkhq suryhg wkdw

N? q  Uf

_ U+3, @ >/ dqg wkh surri lv frpsohwh1

Uhpdun 615 +l, Vxssrvh wkdw  Uf @ i3j1 Wkhq Surshuw| BB uhgxfhv wr N? _ U+3, @ >1
Wklv phdqv wkdw qrq0srvlwlyh ghwhuplqlvwlf sruwirolrv +lq wkh vhqvh ri , fdq qrw fdqfho wkh
ulvn ri wkh qxoo sruwirolr1 +ll, Vlqfh N?  U+3,/ zh kdyh N? _ N?   Uf1 Wkhuhiruh wkh








































7Surshuw| 616 +Prqrwrqlflw|, +l, Ohw [> \ 5 O
"
_ eh vxfk wkdw [  \ 1 Wkhq/ U+\ , 
U+[,1 +ll, Ohw [ 5 O
"
_ eh vxfk wkdw  d  [   e iru vrph d> e 5 L U
?
1 Wkhq =
iej . U+3,  U+[,  idj . U+3, =
+lll, Iru doo [ 5 O
"
_ / zh kdyh in+[,n"4j . U+3,  U+[,1
Surri1 E| D4/ zh kdyh U+3,  U+[  \ , zkhqhyhu [  \ 1 Xvlqj D5 wrjhwkhu zlwk
Surshuw| BB/ lw iroorzv wkdw U+\ , @ U+\ , . U+3,  U+\ , . U+[  \ ,  U+[,/ dqg wkh
surri ri +l, lv frpsohwhg1 Fodlp +ll, lv hdvlo| rewdlqhg iurp +l, e| xvh ri D71 Wr suryh +lll,/
revhuyh wkdw [   +[,  n+[,n"4 e| ghqlwlrq ri / dqg dsso| djdlq +l,1 
Uhpdun 616 D gluhfw frqvhtxhqfh ri Surshuw| BB +lll, lv wkdw wkh frqglwlrq U+3, 9@ L U
?
frqwdlqhg lq D3 lpsolhv wkdw =
U+[, 9@ L U
?




Uhpdun 617 +l, Ohw [> \ eh wzr udqgrp sruwirolrv lq O
"
_ zlwk \ 5  N =@ N _ N d1v1
Wkhq/ [ . \  [ dqg [  [ . \ d1v1 Iurp Surshuw| BB +l,/ lw iroorzv wkdw
U+[ . \ , @ U+[, =
+ll, Ohw su O g
ghqrwh wkh ruwkrjrqdo surmhfwlrq rq wkh yhfwru vsdfh  N/ dqg vhw  [ =@
[su O g
+[,1 Sduw +l, ri wklv uhpdun surylghv dq reylrxv h{whqvlrq ri wkh yhfwru ydoxhg




_+  N, e| vhwwlqj =




_+  N, =

Uhpdun 618 Lw lv hdvlo| fkhfnhg wkdw wkh rughulqj ghqhg rq wkh sruwirolrv lv frpsohwh li
dqg rqo| li N/ l1h1 N @ i{ 5 L U
_
m d{  3j iru vrph yhfwru d 5 L U
_
n q i3j1 E| srvvleo|
pxowlso|lqj d e| d frqvwdqw/ zh fdq qg dq lqwhjhu l 5 i4> = = = > gj vdwlvi|lqj d @ 41 Wkhq/
iru dq| sruwirolr [ 5 O
"
_ / rqh kdv [  +d[,4

 [1 Iurp wkh prqrwrqlflw| Surshuw| BB/















































7Uhpdun 619 E| wkh vdph dujxphqw dv lq Surshuw| BB +lll,/ zh kdyh =
in+[,n"4j . U+3,  U+[,  in+[,n"4j . U+3, iru doo [ 5 O
"
_ =





frqh i{ 5 U+[, = m{m  nj =

Surshuw| 617 +Vhoi0frqvlvwhqf|, Iru doo [ 5 O
"
_ /
U+[, @ i{ 5 L U
?
= 3  U+[ .  {,j
@ i{ 5 L U
?
= U+3,  U+[ .  {,j =
Surri1 Wkh vhfrqg htxdolw| lv d gluhfw frqvhtxhqfh ri Surshuw| BB1 Wr vhh wkdw wkh uvw
htxdolw| krogv/ lw vxfhv wr revhuyh wkdw { 5 U+[, li dqg rqo| li 3 5 i{j . U+[, @
U+[ .  {, e| D71  Wkh qdo surshuw| ri wklv
vhfwlrq vwdwhv wkh frqwlqxlw| ri wkh vhw0ydoxhg pds U1 Zh uhfdoo wkdw 0 d vhw ydoxhg pds I
iurp d phwulf yhfwru vsdfh X lqwr d phwulf yhfwru vsdfh Y lv vdlg wr eh frqwlqxrxv li lw lv
erwk orzhu0vhplfrqwlqxrxv dqg xsshu0vhplfrqwlqxrxv/ 0 I lv orzhu vhplfrqwlqxrxv dw vrph
x 5 X li iru doo y 5 I +x, dqg iru dq| vhtxhqfh +x
?





, vxfk wkdw y
?
 $ y/ 0 I lv xsshu0vhplfrqwlqxrxv dw vrph x 5 X li
iru doo % A 3/ wkhuh h{lvwv d frqvwdqw  A 3 vxfk wkdw I +x . EL ,  I +x, . %ET > khuh/ EL
dqg ET duh wkh xqlw edoov ri X dqg Y 1
Surshuw| 618 +Frqwlqxlw|, +l, Iru doo [> \ 5 O
"
_ /
U+\ , . in+\  [,n"4j  U+[,  U+\ ,  in+[  \ ,n"4j =
+ll, Wkh vhw0ydoxhg pds U lv frqwlqxrxv rq O
"
_ 1
Surri1 Zh uvw suryh +l,1 E| D5 wrjhwkhu zlwk Surshuwlhv BB +lll, dqg BB/ zh vhh wkdw
U+[,  U+[  \ , . U+\ ,   in+[  \ ,n"4j . U+3, . U+\ ,
@  in+[  \ ,n"4j . U+\ , =
E| v|pphwu|/ zh dovr kdyh U+\ ,   in+\  [,n"4j . U+[,/ dqg wkh surri ri +l, lv
frpsohwh1 +ll, Wr vhh wkdw U lv orzhu0vhplfrqwlqxrxv dw vrph [ 5 O
"












































,& frqyhujlqj wr [ lq wkh O
"
_ qrup1 Iurp wkh uljkw







 n+[  [
&
,n"4 =
Vlqfh  lv d Olsvfklw}0frqwlqxrxv pds rq lwv grpdlq/ vhh Uhpdun BB/ zh vhh wkdw +[ [
&
,
 $ 3 lq O
"
_ / dqg wkhuhiruh |
&
 $ |1 Lw uhpdlqv wr suryh wkdw U lv xsshu0vhplfrqwlqxrxv1
Ohw E ghqrwh wkh xqlw edoo ri O
"
_ / dqg wdnh dq duelwudu| % A 31 E| Olsvfklw}0frqwlqxlw| ri
 rq lwv grpdlq/ rqh fdq qg vrph  A 3 vxfk wkdw +[  \ , 5 %E iru doo \ 5 [ . E1
Zh qrz xvh wkh uljkw kdqg0vlgh lqfoxvlrq ri +l, wr vhh wkdw U+\ ,  U+[,  i+[  \ ,4j
 U+[, . %E iru doo \ 5 [ . E1 
e #@* hiThiti?|@|L? Lu E_c ?ULihi?| ht! 4i@thit
Lq wklv vhfwlrq/ zh surylgh d gxdo uhsuhvhqwdwlrq ri frkhuhqw ulvn phdvxuhv1 Lq wkh rqh0
glphqvlrqdo fdvh/ wklv uhvxow zdv vkrzq wr kdyh lpsruwdqw sudfwlfdo lpsolfdwlrqv/ vlqfh lw
suryhv wkh xqlyhuvdolw| ri wkh vfhqdulr0edvhg phwkrgv iru surylglqj frkhuhqw phdvxuhv ri
ulvn lq wkh vhqvh ri Ghqlwlrq BB1 Wkh VSDQ phwkrg lv dq h{dpsoh ri vxfk vfhqdulr0edvhg
phdvxuh ri ulvn1 Wkh surri zdv uvw hvwdeolvkhg lq DGHK iru qlwh 
/ dqg ixuwkhu h{whqghg
wr d jhqhudo suredelolw| vsdfh e| Ghoedhq ^B`1 Zh uvw qhhg wr lqwurgxfh vrph dgglwlrqdo
qrwdwlrqv1 Wkh gxdo vsdfh ri O
"
_ / ghqrwhg e| ed_/ lv wkh vhw ri erxqghg dgglwlyh vhw
ixqfwlrqv  rq +
> I, zlwk wkh surshuw| wkdw L S +D, @ 3 lpsolhv +D, @ 31 Wkh vsdfh ed_ lv
hqgrzhg zlwk wkh qrup ri wrwdo yduldwlrq/ l1h1 nn @ vxsi
S
&
' m+D,m = D> = = = > D& glvmrlqw
vxevhwv ri Ij/ iru doo  5 ed_1 Zh vkdoo zulwh H>^[` iru wkh gxdolw| pdsslqj ehwzhhq d
udqgrp yduldeoh [ 5 O
"
_ dqg d phdvxuh  5 ed_1 Wkh frxqwdeo| dgglwlyh hohphqwv ri ed_
fdq eh lghqwlhg zlwk O

_ udqgrp yduldeohv/ dqg duh pruh lqwhuhvwlqj iurp wkh hfrqrplf
ylhzsrlqw dv wkh| fdq eh lqwhusuhwhg dv sulflqj nhuqhov1 Wkh vwulfwo| srvlwlyh +lq vrph
vhqvh, hohphqwv ri O

_ duh ri sduwlfxodu lqwhuhvw lq qdqfh vlqfh wkh| fdq eh ylhzhg dv
sulflqj nhuqhov frqvlvwhqw zlwk wkh qrwlrq ri qr0duelwudjh/ vhh Wkhruhpv BB dqg BB ehorz1
Ilqdoo|/ zh vkdoo ghqrwh e| O
"
_ +N, wkh vxevhw ri O
"
_ frqvlvwlqj ri doo N0ydoxhg udqgrp
yduldeohv/ l1h1 qrq0qhjdwlyh udqgrp yduldeohv lq wkh vhqvh ri 1 Wkh srvlwlyh ruwkdqw ri ed_
lv ghqhg dffruglqjo| e| =
ed_+N, =@ i 5 ed_ = H>^[`  3 iru doo [ 5 O
"
_ +N,j =
Wkhruhp 714 Ohw U = O
"
_  $ $ L U
?
eh d vhw ydoxhg pds1 Wkh iroorzlqj fodlpv duh
htxlydohqw1 +4, U lv d +g> q,frkhuhqw ulvn phdvxuh1 +5, Wkhuh h{lvwv d qrq0}hur frqyh{
 +ed_> O
"



















































7Surri1 Wkh lpsolfdwlrq +5, @ , +4, iroorzv e| gluhfw yhulfdwlrq ri D{lrpv D40D50D60
D71 Zh wkhq frqfhqwudwh rq +4, @ , +5,1 Zh dgdsw wkh dujxphqw lq Ghoedhq ^B` wr rxu
vhw0ydoxhg iudphzrun1 Frqvlghu wkh vxevhw ri O
"
_
F =@ i [ 5 O
"
_ = 3 5 U+[, j >
wrjhwkhu zlwk lwv srvlwlyh srodu frqh
F

=@ i  5 ed_ = H>^[`  3 iru doo [ 5 F j =
Iluvw/ revhuyh wkdw F frqwdlqv wkh srvlwlyh ruwkdqw O
"
_ +N, dqg F 9@ L U
?
1 Wkhuhiruh i3j 9@
F






F lv fohduo| d frqyh{ frqh ri O
"
_ 1 Lw lv hdvlo| fkhfnhg wkdw lw lv forvhg lq wkh vhqvh ri wkh
O
"
_ qrup = ohw +[
&
,& eh d vhtxhqfh lq F frqyhujlqj wr vrph [ 5 O
"
_ / wkhq U+3,  U+[
&
,
iru doo n 5 L Q / dqg wkhuhiruh U+3,  olp vxs
& U+[
&
, @ U+[, e| wkh frqwlqxlw| Surshuw|











Ilqdoo|/ lw iroorzv iurp wkh vhoi0frqvlvwhqf| Surshuw| BB wkdw =
U+[, @ i { 5 L U
?
= 3 5 U+[ .  {, j
@ i { 5 L U
?
= [ .  { 5 F j
@






H>^[ .  {`  3

>
dqg wkh vwdwhphqw ri wkh wkhruhp krogv zlwk SK@ @ F

1  Zh qh{w iroorz Ghoedhq ^B` wr
vhh xqghu zklfk flufxpvwdqfhv wkh plqlpl}dwlrq lq wkh gxdo uhsuhvhqwdwlrq ri Wkhruhp BB
fdq eh uhvwulfwhg wr d vxevhw ri O

_1
Ghqlwlrq 714 D +g> q,frkhuhqw ulvn phdvxuh U = O
"
_  $ $ L U
?
lv vdlg wr vdwlvi| wkh







,  U+[, >
iru dq| erxqghg vhtxhqfh +[
&
,&MU  ri O
"
_ frqyhujlqj wr [ lq suredelolw|1
Wkhruhp 715 Ohw U = O
"
_  $ $ L U
?
eh d +g> q,frkhuhqw ulvn phdvxuh1 Wkh iroorzlqj














H>+[ .  {,  3

=
+5, Wkh frqyh{ frqh F @ i[ 5 O
"













































7Surri1 Zh djdlq dgdsw wkh dujxphqw ri Ghoedhq ^B` wr wkh vhw0ydoxhg iudphzrun1 +4, @ ,
+6, Ohw +[
&
,&MU  / [ 5 O
"
_ vxfk wkdw wkh vhtxhqfh +[
&
,&MU  lv erxqghg dqg frqyhujhv wr
[ lq suredelolw|1 Ohw { eh dq duelwudu| hohphqw ri olp lqi & U+[
&
,1 Wkhq/ wkhuh h{lvwv d
vhtxhqfh +{
&






, iru doo n 5 L Q / dqg {
&






,  3 iru doo  5 Sj dqg n 5 L Q >
dqg






,  3 iru doo  5 Sj
lpso|lqj wkdw { 5 U+[,1 +6, @ , +5, Iurp Jurwkhqglhfn ^B` +vxss1 h{1 4 s537,/ dqg vlqfh
F lv d frqh/ lw lv vxflhqw wr fkhfn wkdw F _ E lv forvhg lq suredelolw| +E lv wkh forvhg xqlw
edoo ri O
"
_ ,1 Ohw +[
&
, eh d vhtxhqfh ri F vxfk wkdw n[
&
n"  4 iru doo n 5 L Q dqg frqyhujlqj
lq suredelolw| wr vrph [ 5 O
"
_ 1 Iurp wkh Idwrx surshuw|/ rqh kdv olp lqi & U+[
&
,  U+[,
dqg vlqfh U+3,  U+[
&
, iru doo n 5 L Q / rqh rewdlqv wkdw U+3,  olp lqi & U+[
&
,  U+[,
dqg wkxv [ 5 F1 +5, @ , +4, Iroorzv wkh olqhv ri wkh surri ri Wkhruhp BB/ dqg wdnh wkh
srodu ri F lq O








,&MU  / [ 5 O
"
_ vxfk wkdw wkh vhtxhqfh +[
&
,&MU  lv erxqghg
dqg frqyhujhv wr [ lq suredelolw|1 Revhuyh wkdw [
&







\ ,& lv xqlirupo| lqwhjudeoh iru doo \ 5 O

_1 Ohw { 5 olp lqi & U+[
&
,/ wkhq/
wkhuh h{lvwv d vhtxhqfh +{
&
,&MU  lq L U
?




















_,0forvhg/ rqh rewdlqv dovr wkdw [ .  { 5 F1 Xvlqj djdlq
wkh vhoi0frqvlvwhqf| Surshuw| BB/ zh vhh wkdw U+3,  U+[ .  {, @ i{j . U+[,1 Vlqfh
3 5 U+3,/ wklv vkrzv wkdw { 5 U+[,1 
D +i*i@?Ui Lu @ E_c ?ULihi?| ht! 4i@thi
Lq wklv vhfwlrq/ zh irfxv rq wkh qrwlrq ri uhohydqf| ri d frkhuhqw ulvn phdvxuh/ zklfk zdv
lqwurgxfhg e| Ghoedhq ^B` lq wkh rqh0glphqvlrqdo fdvh1 Lq Wkhruhp BB/ d frkhuhqw ulvn
phdvxuh lv uhsuhvhqwhg lq whupv ri d idplo| ri vwdwh sulfh ghqvlwlhv  ydoxhg lq N

1 D
qdwxudo txhvwlrq/ zklfk lv forvho| uhodwhg wr wkh qrwlrq ri qr0duelwudjh/ lv zkhwkhu vxfk
vwdwh sulfh ghqvlwlhv duh vwulfwo| srvlwlyh lq vrph vhqvh1

















































7uhtxluhphqw wkdw doo frpsrqhqwv  duh srvlwlyh d1v1 Wkh iroorzlqj lqwhuhvwlqj revhuydwlrq
iroorzv iurp wkh vxevwlwxwdelolw| frqglwlrq +BB, =
iru doo | 5 N

= | @ 3 + , | @ 3 iru doo l @ q . 4> = = = > g
+ , | @ 3 iru vrph l @ q . 4> = = = > g =

Iroorzlqj Ndedqry dqg Vwulfnhu ^B`/ wkh pxowl0glphqvlrqdo iudphzrun vxjjhvwv dw ohdvw wkh
iroorzlqj ghqlwlrqv ri uhohydqf|1 Uhfdoo wkh qrwdwlrq  N =@ N _ N1
Ghqlwlrq 814 D +g> q,frkhuhqw ulvn phdvxuh U lv vdlg wr eh  zhdno| uhohydqw li iru doo
[ 5 O
"
_ +N,/ 3 5 U+[, @ , S ^[ 5 lqw+N,` @ 3/  vwurqjo| uhohydqw li iru doo [ 5 O
"
_ +N,/
3 5 U+[, @ , S
k
[ 5 +N q  N,
l
@ 31
Revhuyh wkdw dq| vwurqjo| uhohydqw +g> q,frkhuhqw ulvn phdvxuh U lv zhdno| uhohydqw1 Zh
dovr kdyh wkh iroorzlqj htxlydohqw ghqlwlrqv ri uhohydqf|1
Sursrvlwlrq 814 Ohw U eh d +g> q,frkhuhqw ulvn phdvxuh1  U lv zhdno| uhohydqw li dqg
rqo| =
iru doo D 5 I dqg } 5 lqw+N, > 3 5 U+}4, @ , S +D, @ 3 = +814,
 U lv vwurqjo| uhohydqw li dqg rqo| li =
iru doo D 5 I dqg } 5 +N q  N, > 3 5 U+}4, @ , S +D, @ 3 = +815,
Surri1 Zh rqo| uhsruw wkh surri ri wkh htxlydohqw ghqlwlrq ri zhdn uhohydqf|1 Vxssrvh
wkdw Frqglwlrq BB krogv/ dqg ohw [ 5 O
"
_ +N, eh vxfk wkdw 3 5 U+[, dqg S ^+[ 5 lqw+N,`
A 31 Wkhq/ wkhuh h{lvwv } 5 lqw+N, vxfk wkdw S ^[  }` A 31 Vhw D =@ i[  }j1 Fohduo|
[  } 4 dqg wkxv 3 5 U+[, 5 U+}4, e| wkh prqrwrqlflw| Surshuw| BB1 Wklv lv lq
frqwudglfwlrq zlwk +BB,1 
Wkhruhp 814 Ohw U eh d +g> q,frkhuhqw ulvn phdvxuh vdwlvi|lqj wkh Idwrx surshuw|/ Sj
wkh dvvrfldwhg gxdo vhw lqwurgxfhg lq Wkhruhp BB/ dqg vhw
S

j =@ i 5 Sj =  5 N

q i3j L S  d1v1j =
Wkhq wkh iroorzlqj fodlpv duh htxlydohqw1 +4, U lv zhdno| uhohydqw1 +5, Wkh vhw S

j lv qrq0
hpsw|1 +6, Wkh vhw S

j lv ghqvh lq Sj lq wkh vhqvh ri wkh O

_ qrup1 +7, Wkhuh lv d vhw S 
S

j vxfk wkdw =
U+[, @















































7Surri1 Zh rqo| suryh +4, @ , +5, dv wkh uhpdlqlqj lpsolfdwlrqv duh wulyldo1 Vwhs 41 Zh
uvw { dq duelwudu| hyhqw vhw D 5 I zlwk S +D, A 31 Iurp wkh gxdo uhsuhvhqwdwlrq ri U lq
Wkhruhp BB/ zh kdyh wkdw
lqi
>Mj
H>^} 4` ? 3 iru doo } 5 lqw+N, = +816,
Wklv suryhv wkdw wkh vhw +, =@ i} 5 lqw+N, = H>^} 4` ? 3j lv qrq0hpsw| iru vrph 
5 Sj1 Zh wkhq frqvlghu wkh idplo| ri vxevhwv ri lqw+N, ghqhg e| =
] =@ i+, =  5 Sjj =
Wkh idplo| ] kdv d pd{lpdo hohphqw +,/ iru vrph  5 Sj/ dv lw hdvlo| fkhfnhg wkdw
lw lv vwdeoh e| frxqwdeoh xqlrq1 Zh qrz xvh dq h{kdxvwlrq dujxphqw wr vhh wkdw
+, @ lqw+N, > l=h= H>^} 4` ? 3 iru doo } 5 lqw+N, = +817,
Lqghhg/ ohw | eh dq duelwudu| hohphqw lq lqw+N, q +,1 E| +BB,/ zh ghgxfh wkh h{lvwhqfh
ri vrph  5 Sj vxfk wkdw H>^| 4` ? 3/ dqg zh revhuyh wkdw +, ^ i|j  + . ,/
frqwudglfwlqj wkh pd{lpdolw| ri 1 Vwhs 51 Zh qrz zdqw wr vhohfw vrph a  5 Sj vxfk wkdw
+a , @ lqw+N, iru doo D 5 I = +818,





E  I =
_
Mn





Lw lv djdlq hdvlo| fkhfnhg wkdw J lv vwdeoh e| frxqwdeoh xqlrq1 Wkhuhiruh/ lw dgplwv d pd{lpdo
hohphqw a E dvvrfldwhg zlwk vrph a  5 Sj1 Zh qrz xvh d vhfrqg h{kdxvwlrq dujxphqw wr
vhh wkdw a E @ I zklfk surylghv +BB,1 Lqghhg/ Ohw D eh dq duelwudu| hohphqw lq I q a E zlwk
S ^D` A 31 Frqvlghulqj wkh phdvxuh  ri Vwhs 4/ lw iroorzv wkdw +a  . , @ lqw+N, iru
doo E 5 a E ^ iDj1 Wklv lv lq frqwudglfwlrq zlwk wkh pd{lpdolw| ri a E1 Vwhs 61 Lq Vwhs 5/ zh
kdyh suryhg wkh h{lvwhqfh ri vrph a  5 Sj vdwlvi|lqj +BB,/ ru htxlydohqwo|/
H	 >+} 4, ? 3 iru doo } 5 lqw+N, dqg D 5 In =
Wklv suryhv wkdw
a  5 a N =@
q
| 5 L U
_
= |} A 3 iru doo } 5 lqw+N,
r
S  d1v1
Lq rughu wr frqfoxgh wkh surri/ lw uhpdlqv wr fkhfn wkdw a N @ N

q i3j1 Zh rqo| frqfhqwudwh
rq wkh surri ri N

q i3j  a N dv wkh uhyhuvh lqfoxvlrq lv wulyldo1 Ohw | eh dq duelwudu|
hohphqw lq N









































7+}  %|, 5 N1 Wkhq/ +}  %|,| ? 3/ frqwudglfwlqj wkh idfw wkdw | 5 N

1 
Zh dovr kdyh d vlplodu fkdudfwhul}dwlrq ri vwurqjo| uhohydqw frkhuhqw ulvn phdvxuhv zklfk
vdwlvi| wkh Idwrx surshuw|1
Wkhruhp 815 Ohw U eh d +g> q,frkhuhqw ulvn phdvxuh vdwlvi|lqj wkh Idwrx surshuw|/ Sj
wkh dvvrfldwhg gxdo vhw lqwurgxfhg lq Wkhruhp BB/ dqg vhw
S
r
j =@ i 5 Sj =  5 ul+N

, S  d1v1j =
Wkhq wkh iroorzlqj fodlpv duh htxlydohqw = +4, U lv vwurqjo| uhohydqw1 +5, Wkh vhw S
r
j lv
qrq0hpsw|1 +6, Wkh vhw S
r
j lv ghqvh lq Sj lq wkh vhqvh ri wkh O

_ qrup1 +7, Wkhuh lv d vhw
S  S
r
j vxfk wkdw =
U+[, @





H>+[ .  {,  3

=
Surri1 Iroorzlqj wkh olqhv ri Vwhsv 4 dqg 5 lq wkh suhylrxv surri/ zh rewdlq wkh h{lvwhqfh
ri vrph a  5 Sj vxfk wkdw
a  5  N =@
q
| 5 L U
_
= |} A 3 iru doo } 5 +N q  N,
r
S  d1v1
Lq rughu wr frqfoxgh wkh surri/ lw uhpdlqv wr fkhfn wkdw  N @ ul+N







| 5 L U
_
= {| ? +{, iru doo { vdwlvi|lqj  +{, 9@ +{,
r
>
zkhuh +{, =@ vxs
+Mg
+{|, lv wkh vxssruw ixqfwlrq ri N

/ vhh Urfndihoodu ^B` Wkhruhp 46141
Vlqfh N





@ N/ dqg .4 rwkhuzlvh1 Wkhq/





| 5 L U
_
= {| ? 3 iru doo { 5 N zlwk  { 95 N
r
@  N =

S Lihi?| @}}hi}@|L? Lu h@?_L4 TLh|uL*Lt
Ghqlwlrq 914 Ohw U eh d +q> q,frkhuhqw ulvn phdvxuh1 D ixqfwlrq i = L U
_
 $ L U
?
lv dq Ufrkhuhqw sruwirolr djjuhjdwru li S D4 i +N,  U+3,> S D5 Iru doo {> | 5 L U
_
=
i +{ . |,  i +{,  i +|, 5 U+3,> S D6 Iru doo { 5 L U
_
dqg w A 3 = i +w{,  wi +{, 5  Uf> S D7
Iru doo { 5 L U
?
dqg | 5 L U
_








































7Zh vkdoo glvfxvv vrph h{dpsohv ri Ufrkhuhqw sruwirolr djjuhjdwruv dw wkh hqg ri wklv
vhfwlrq1 Rxu qh{w uhvxow uhtxluhv wr lqwurgxfh d vwurqjhu yhuvlrq ri D4 = D4r Iru doo [ 5
O
"
_ / zh kdyh = [ 5 U+3, S d1v1 @ , 3 5 U+[,1
Uhpdun 914 Frqglwlrq D4r lv vdwlvhg e| ghwhuplqlvwlf sruwirolrv { 5 L U
_
1 Wklv lv dq
hdv| frqvhtxhqfh ri wkh vhoi0frqvlvwhqf| Surshuw| BB1
Uhpdun 915 Lq wkh fdvh q @ g @ 4/ frqglwlrqv D4r dqg D4 duh lghqwlfdo vlqfh U+3, @ N
@ L Un1
H{dpsoh 914 +Frkhuhqw ulvn phdvxuh zklfk grhv qrw vdwlvi| D4r, Ohw N @ L U
2
n eh wkh
qrq0qhjdwlyh ruwkdqw ri L U
2
/ 
 @ i$> $2j/ dqg











Fohduo|/ vlqfh N lv wkh qrq0qhjdwlyh ruwkdqw ri L U
2
/  5 ed2+N,1 Wkhuhiruh/ lw iroorzv iurp





+{> {2, 5 L U
2








ghqhv d +5> 5,frkhuhqw frkhuhqw ulvn phdvxuh1 Revhuyh wkdw U+3, lv wkh kdoi vsdfh i{ .
{2  3j1 Qrz frqvlghu wkh udqgrp sruwirolr
[+$, @ +4> 4, dqg [+$2, @ +3> 3, >





zklfk suryhv wkdw 3 95 U+[,1 
Wkh pdlq uhvxow ri wklv vhfwlrq vkrzv wkdw Ufrkhuhqw sruwirolr djjuhjdwruv i ghqh
+g> q,frkhuhqw ulvn phdvxuhv  U =@ U  i xqghu wkh dgglwlrqdo frqglwlrq D4r1 Zh uvw




surmhfwlrq rq wkh yhfwru vsdfh  U
z
f 1
Ohppd 914 Ohw U eh dq +q> q,frkhuhqw ulvn phdvxuh/ dqg i dq Ufrkhuhqw sruwirolr
djjuhjdwru1 Wkhq = +l, i +O
"




_+  Uf,1 +ll, Dvvxph wkdw U vdwlvhv wkh dgglwlrqdo










































7Surri1 +l, Zh vkdoo suryh wkdw i kdv wkh iroorzlqj ghfrpsrvlwlrq =
i @ j . k zkhuh j+O
"




_ ,  O
f
_+  Uf, =
41 Ohw | eh dq duelwudu| hohphqw ri wkh qhjdwlyh srodu frqh U+3,

=@ i| 5 L U
?
= {|  3
iru doo { 5 U+3,j1 Wkhq/ lw iroorzv iurp SD5 dqg SD6 wkdw wkh uhdo0ydoxhg ixqfwlrq i+/
ghqhg e| i++{, =@ |i +{,/ lv vxeolqhdu1 Wkhq/ lw lv orfdoo| erxqghg dv d frqyh{ ixqfwlrq
zlwk hhfwlyh grpdlq L U
_
1 E| wkh vdph dujxphqw/ zh dovr kdyh wkdw i+ lv orfdoo| erxqghg





_ ,  O
"





51 Fohduo|/ zh kdyh wkdw







Iurp wkh idfw wkdw U+3,


















1 Vlqfh  Uf lv dovr d yhfwru





,  L U
z
f =
Lq ylhz ri +BB,/ wklv suryhv wkdw
i++O
"
_ ,  O
"




j =@ surm O -
z
f
+i , vr wkdw k =@ i  j lv ydoxhg lq  Uf =
Lq rughu wr frpsohwh wkh surri ri +l,/ zh qhhg wr vkrz wkdw j+O
"
_ ,  O
"




,m  $ 4 iru vrph vhtxhqfh {?  $ { 5 L U
_
>
dqg ohw xv zrun wrzdugv d frqwudglfwlrq1 Vlqfh  U
z
f lv qlwh glphqvlrqdo yhfwru vsdfh/
|j+{?,  $ 4 iru vrph | 5  U
z
f = +917,
Zh qrz revhuyh wkdw |j+{
?




, @ |i +{
?
,/ vr wkdw +BB, lv lq frqwudglfwlrq





_+  Uf,1 Wklv lv rewdlqhg h{dfwo| e| wkh vdph dujxphqw wkdq lq Uhpdun BB/ vxevwlwxwlqj












































1 +l, Vxssrvh wkdw wkh vhw0ydoxhg pds U  i = O
"
_  $ $ L U
?
lv d +g> q,frkhuhqw
ulvn phdvxuh1 Wkhq i lv dq Ufrkhuhqw sruwirolr djjuhjdwru1 +ll, Frqyhuvho|/ dvvxph wkdw
D4r krogv/ dqg ohw i eh dq Ufrkhuhqw sruwirolr djjuhjdwru1 Wkhq wkh vhw0ydoxhg pds Ui =
O
"
_  $ $ L U
?
lv d +g> q,frkhuhqw ulvn phdvxuh1
Surri1 Vhw  U =@ U  i 1 41 Vxssrvh wkdw  U lv d +g> q,frkhuhqw ulvn phdvxuh/ dqg ohw xv
suryh wkdw i vdwlvhv surshuwlhv SD1 i vdwlvhv SD41 Zh uvw revhuyh wkdw  U+3, @ U+i +3,,
@ ii +3,j . U+3,1 Vlqfh 3 5  U+3,/ wklv suryhv wkdw i +3, 5 U+3,1 E| wkh vhoi0frqvlvwhqf|
Surshuw| BB/ wklv suryhv wkdw =
U+3,  U+i +3,, @  U+3, = +918,
Qrz wdnh vrph { 5 N dqg ohw xv suryh wkdw i +{, 5 U+3,/ lw iroorzv iurp D4 wkdw  U+3, 
 U+{, @ U+i +{,, @ ii +{,j.U+3,1 Lq ylhz ri +BB,/ wklv suryhv wkdw U+3,  ii +{,j.U+3,1
Vlqfh 3 5 U+3,/ lw wkhq iroorzv wkdw i +{, 5 U+3,1 i vdwlvhv SD51 Iru doo {> | 5 L U
_
/ lw
iroorzv iurp D5 wkdw U+i +{,, . U+i +|,, @  U+{, .  U+|,   U+{ . |, @ U+i +{ . |,,1 Iurp
D7/ wklv surylghv wkdw U+3,  ii +{ . |, . i +{, . i +|,j . U+3,1 Vlqfh 3 5 U+3, e| D3/
wklv suryhv wkdw i +{ . |,  i +{,  i +|, 5 U+3,1 i vdwlvhv SD61 Iru doo w A 3 dqg { 5 L U
_
/
lw iroorzv iurp D6 dqg D7 wkdw iwi +{,j . U+3, @ wU+i +{,, @ w  U+{, @  U+w{, @ U+i +w{,,
@ ii +w{,j . U+3,1 Vlqfh 3 5 U+3, e| D3/ wklv surylghv wkdw i +w{,  wi +{, 5 U+3, _ U+3,
@  Uf1 i vdwlvhv SD71 Iru doo { 5 L U
?
dqg | 5 L U
_
/ lw iroorzv iurp D7 wkdw  U+ { . |,
@ i{j .  U+|, @ i{j . U+i +|,, @ i{  i +|,j . U+3,1 Rq wkh rwkhu kdqg/ rqh kdv
 U+ { . |, @ U+i + { . |,, @ ii + { . |,j . U+3,1 Wkxv/ vlqfh 3 5 U+3,/ zh rewdlq wkdw
i + { . |,  {  i +|, 5  Uf1 51 Frqyhuvho|/ zh dvvxph wkdw i lv dq Ufrkhuhqw sruwirolr
djjuhjdwru/ dqg wkdw wkh +q> q, frkhuhqw ulvn phdvxuh U vdwlvhv D4r1 E| Ohppd BB/  U @
U  i lv d zhoo0ghqhg vhw0ydoxhg pds iurp O
"
_ lqwr L U
?
1 Revhuyh wkdw d vlplodu dujxphqw
wr wkdw xvhg lq wkh surri ri Surshuw| BB vkrzv wkdw D4r lv htxlydohqw wr wkh iroorzlqj
vwdwhphqw =
Iru doo [> \ 5 O
"
_ = [  \ 5 U+3, S  d1v1 @ , U+\ ,  U+[, = +919,
 U vdwlvhv D31 Wulyldo1  U vdwlvhv D41 Ohw [ eh d erxqghg u1y1 ydoxhg lq N1 Iurp SD4/
zh kdyh i +[, 5 U+3, S 0d1v1 dqg wkhuhiruh
U+3,  U+i +[,, @  U+[, +91:,
e| frqglwlrq D4r1 Qrz/ iurp SD6/ lw iroorzv wkdw i +3, 5  Uf1 Wkhq/  U+3, @ U+i +3,, @








































7 U vdwlvhv D51 Iru doo [> \ 5 O
"
_ / lw iroorzv iurp SD5 wkdw i +[ . \ ,  i +[,  i +\ , 5
U+3, S d1v1 Vlqfh U lv dq +q> q, frkhuhqw ulvn phdvxuh/ Wklv lpsolhv wkdw  U+[,.  U+\ , @
U+i +[,,.U+i +\ ,,  U+i +[,.i +\ ,,  U+i +[ .\ ,, @  U+[ .\ , e| +BB,1  U vdwlvhv D61
Iru doo w A 3 dqg [ 5 O
"
_ / Surshuw| 6 vd|v wkdw i +w[,wi +[, 5 U+3, dqg wi +[,i +w[, 5
U+3, L S d1v1 Iurp +BB,/ wklv lpsolhv wkdw  U+w[, @ U+i +w[,, @ U+wi +[,, @ wU+i +[,, @





_ / lw iroorzv iurp SD7 wkdw i +[ .  {,  i +[,  { 5  Uf @ U+3, _ U+3, L S d1v1
Xvlqj djdlq +BB, wzlfh/ wklv suryhv wkdw  U+[ .  {, @ i{j .  U+[,1 
H{dpsoh 915 +Frkhuhqw olqhdu sruwirolr djjuhjdwruv, Vxssrvh wkdw  Uf @ i3j/ dqg ohw i +|,
=@ D| zkhuh D lv d +q> g, pdwul{1 Fohduo|/ i vdwlvhv frqglwlrqv SD5 dqg SD61 D qhfhvvdu|
dqg vxflhqw frqglwlrq iru i wr vdwlvi| frqglwlrq SD7 lv wkdw wkh pdwul{ D eh ri wkh irup =
D @ +L?mE, zkhuh L? lv wkh lghqwlw| pdwul{ lq L U
?
=
Khqfh i lv dq Ufrkhuhqw sruwirolr djjuhjdwru li dqg rqo| li DN  U+3,1 q@4 = lq wklv
fdvh/ U+3, @ N @ L Un/ D @ +4> e?n> = = = > e_, zlwk e 5 L U iru doo m @ q . 4> = = = > g1 Wkh
frqglwlrq DN  U+3, vd|v wkdw D{  3 iru doo { 5 N1 Khqfh i lv dq Ufrkhuhqw sruwirolr
djjuhjdwru ri D 5 N






H{dpsoh 916 +Frkhuhqw qrqolqhdu sruwirolr djjuhjdwruv/ g @ 5/ q @ 4, Djdlq/ zh kdyh
U+3, @ N @ L Un/ dqg wkhuhiruh  Uf @ i3j1 Wkhq/ lw lv hdvlo| fkhfnhg wkdw Frqglwlrqv
SD4/SD6 dqg SD7 lpso| wkdw i lv ri wkh irup =
i +{, @ {dn4t%Df . {d34t%$f
zkhuh d. @ +4> n, 5 N

n/ d3 @ +4> 3, 5 N

3 zlwk Nn @ N _ +L U  L Un, dqg N3 @
N _ +L U  L U3,1 Qrz Frqglwlrq SD5 vd|v wkdw i lv frqfdyh/ l1h1 n  31 Khqfh i lv dq
Ufrkhuhqw sruwirolr djjuhjdwru li dqg rqo| li
dn @ +4> n, dqg d3 @ +4> 3, 5 N

zlwk n  3

H{dpsoh 917 +oltxlgdwlrq ixqfwlrq/ q @ 4, Ohw U eh d +4> 4,frkhuhqw ulvn phdvxuh1 wkhq
wkh oltxlgdwlrq ixqfwlrq c ghqhg lq +BB, lv dq Ufrkhuhqw sruwirolr djjuhjdwru1 
Uhpdun 916 Wkh ixqfwlrq  ghqhg lq +BB, lv qrw d sruwirolr djjuhjdwru lq jhqhudo1 Wr






















































7Wkhq/ lw lv hdvlo| fkhfnhg wkdw { =@ +3> 4> 4, 5 N/ dqg  +{, @ +4  > 4> 3, 5 N1 Vlqfh
N _ N @ i3j/ lw iroorzv iurp Surshuw| BB wkdw U+3, _ N2 @ i3j/ dqg wkhuhiruh +{, 95
U+3,/ iru doo +5> 5,frkhuhqw ulvn phdvxuh1 Khqfh wkhuh lv qr +5> 5,frkhuhqw ulvn phdvxuh
iru zklfk  lv d frkhuhqw sruwirolr djjuhjdwru1 
. Lihi?| @}}hi}@|L? Lu ht!
Ghqlwlrq :14 Ohw U eh d +g> g,frkhuhqw ulvn phdvxuh1 D ixqfwlrq j = L U
_
 $ L U
?
lv
dq Ufrkhuhqw ulvn djjuhjdwru li = UD4 j+U+3,, 9@ L U
?
dqg 3 5 j+U+3,,> UD5 Iru doo
{> | 5 L U
_
= j+{, . j+|, 5 fo^j+U+{  |,,`> UD6 Iru doo { 5 L U
_
dqg w A 3 =
j+w{, 5 fo^wj+U+{,,` dqg wj+{, 5 fo^j+wU+{,,` >
UD7 Iru doo { 5 L U
?
dqg | 5 L U
_
=
j+ { . |, 5 { . fo^j+U+|,,` dqg { . j+|, 5 fo^j+U+ {  |,,` =
Vrph h{dpsohv ri frkhuhqw ulvn djjuhjdwruv zloo eh glvfxvvhg dw wkh hqg ri wklv vhfwlrq1




1 Ghqh wkh vhw0ydoxhg pds
fo^j  U` = O
"
_  $ $ L U
?
[ : $ fo^j+U+[,,` =
Wkhq/ fo^j  U` lv d +g> q,frkhuhqw ulvn phdvxuh li dqg rqo| li j lv dq Ufrkhuhqw ulvn
djjuhjdwru1
Surri1 Vhw  U =@ fo^j  U`1 41 Vxssrvh wkdw  U lv d frkhuhqw ulvn phdvxuh/ dqg ohw xv
suryh wkdw j vdwlvhv surshuwlhv UD1 j vdwlvhv UD41 Lpphgldwh/ vlqfh 3 5  U+3, e| D31
j vdwlvhv UD51 Iru doo {> | 5 L U
_
/ lw iroorzv iurp D5 wkdw  U+{, .  U+|,   U+{  |,1
E| D7/ wklv phdqv wkdw fo^j+i{j . U+3,,` . fo^j+i|j . U+3,,`  fo^j+U+{  |,,`/ dqg wkh
uhtxluhg uhvxow iroorzv iurp wkh idfw wkdw 3 5 U+3,1 j vdwlvhv UD61 Iru doo { 5 L U
_
dqg
w A 3/ lw iroorzv iurp D6 wkdw  U+w{, @ w  U+{,1 E| D7/ wklv phdqv wkdw fo^j+iw{j .
U+3,,` @ wfo^j+U+{,,`/ zklfk surylghv j+w{, 5 wfo^j+U+{,,`1 Wklv dovr fdq eh zulwwhq lq
wfo^j+i{j . U+3,,` @ fo^j+wU+{,,`/ zklfk surylghv wkh uhpdlqlqj surshuw|1 j vdwlvhv UD71
Iru doo { 5 L U
?
dqg | 5 L U
_
/ lw iroorzv iurp D7 wkdw  U+ {  |, @ i{j .  U+|,/ l1h1
fo^j+i { . |j . U+3,,` @ i{j . fo^j+i|j . U+3,,`/ dqg wkh uhvxow iroorzv djdlq iurp wkh idfw
wkdw 3 5 U+3,1 51 Frqyhuvho|/ ohw j eh dq Ufrkhuhqw ulvn djjuhjdwru/ dqg ohw xv suryh wkdw








































7ghqlwlrq ri  U/ dqg UD41  U vdwlvhv D41 Ohw [ 5 O
"
_ eh vxfk wkdw [  3 S d1v1 Wkhq/
lw iroorzv lpphgldwho| wkdw fo^j+U+3,,`  fo^j+U+[,,`1  U vdwlvhv D51 Iru [> \ 5 O
"
_ / lw
iroorzv iurp wkh frkhuhqf| ri U wkdw U+[,.U+\ ,  U+[.\ ,1 Wkhq/ lw iroorzv lpphgldwho|
wkdw j+U+[, . U+\ ,,  j+U+[ . \ ,,1 E| UD5/ wklv surylghv fo^j+U+[,,` . fo^j+U+[,,`
 fo^j+U+[,, . j+U+\ ,,`  fo^j+U+[, . U+\ ,,`1  U vdwlvhv D61 Ohw w A 3 dqg [ 5 O
"
_ 1
Vlqfh U lv frkhuhqw/ zh kdyh j+U+w[,, @ j+wU+[,,  w fo^j+U+[,,` e| UD61 Wkhuhiruh
fo^j+U+w[,,`  w fo^j+U+[,,`1 Frqyhuvho|/ frqvlghu vrph { 5 U+[,1 E| wkh vhoi0frqvlvwhqf|
Surshuw| BB/ U+3,  U+[ . {,1 Wkhq e| UD6/ wj+{, 5 fo^j+U+w{,,` @ fo^j+iw{j . wU+3,,`
 fo^j+iw{j . wU+[ . {,,` @ fo^j+U+w[,,`1 Iurp wkh duelwudulqhvv ri { 5 U+3,/ wklv suryhv
wkdw wj+U+[,,  fo^j+U+w[,,` zklfk surylghv wkh uhtxluhg lqfoxvlrq1  U vdwlvhv D71 Ohw
[ 5 O
"
_ dqg d 5 L U
?
1 Vlqfh U lv frkhuhqw/ zh kdyh j+U+[ .  d,, @ j+i dj . U+[,,1 Qrz/
iru dq| { 5 U+[,/ zh kdyh U+3,  U+[ . {, e| wkh vhoi0frqvlvwhqf| Surshuw| BB1 E| xvh
ri UD7/ wklv surylghv j+i dj . {, 5 idj . fo^j+U+{,,` @ idj . fo^j+i{j . U+3,,` 
idj . fo^j+i{j . U+[ . {,,` @ idj . fo^j+U+[,,`1 E| wkh duelwudulqhvv ri { 5 U+[,/
wklv suryhv wkdw j+i dj . U+[,,  idj . fo^j+U+[,,`1 Frqyhuvho|/ xvlqj djdlq UD7/ zh
vhh wkdw d . j+{, 5 fo^j+U+ d  {,,` @ fo^j+i d . {j . U+3,,`  fo^j+i d . {j . U+[ . {,,`
@ fo^j+i dj . U+[,,`1 E| wkh duelwudulqhvv ri { 5 U+[,/ wklv vkrzv wkdw idj . j+U+[,,
 fo^j+i dj . U+[,,`1 
H{dpsoh :14 +Ulvn oltxlgdwlrq, Ohw  eh wkh ixqfwlrq ghqhg lq +BB0BB0BB, e| phdqv ri
wkh oltxlgdwlrq ixqfwlrq c/ dqg ghqh
j+{, =@ +{, iru doo { 5 L U
_
=
Wkhq j lv dq Ufrkhuhqw ulvn djjuhjdwru iru doo +g> g, frkhuhqw ulvn phdvxuh U1 Lqghhg =
0 Vlqfh 3 5 U+3,/ lw iroorzv wkdw 3 @ j+3, 5 j+U+3,,1 Qrz ohw | eh dq| yhfwru lq wkh
lqwhulru ri N? @ i{ 5 L U
?
=  { 5 Nj1 Vxssrvh wkdw j+U+3,, @ L U
?
dqg ohw xv zrun
wrzdugv d frqwudglfwlrq1 Wkhq/  | @  +{, iru vrph { 5 U+3,1 E| ghqlwlrq ri  / wklv
lpsolhv wkdw  |  { 5 U+3, dqg wkhuhiruh  | 5 U+3, e| Surshuw| BB1 Vlqfh  | 5 lqw+N,/
wkh uhtxluhg frqwudglfwlrq iroorzv iurp Surshuw| BB1 Khqfh j vdwlvhv UD41 0 Iurp wkh
ghqlwlrq ri  / lw iroorzv wkdw  +{,   +|,   +{  |, iru doo {> | 5 L U
_
1 Wklv phdqv
wkdw  +{,   +|, @  +{  |, .  } @  +{  |   }, iru vrph } 5 N?1 Qrz vlqfh N?
 U+3,/ wklv surylghv wkdw  +{,   +|, 5   +{  |  U+3,, @   +U+{  |,, e|
wkh wudqvodwlrq lqyduldqfh d{lrp D71 khqfh j vdwlvhv UD51 0 Zh ohdyh wkh yhulfdwlrq ri










































^4` $ ,ViBA|t BAa l Niaji +4<<<,1 Lqqlwh glphqvlrqdo dqdo|vlv/ Vsulqjhu0
Yhuodj1
^5`  i|5Ajie 8 $j,OBjAe c .Oji BAa $ QjB| +4<<;,1 Frkhuhqw Phdvxuhv
ri Ulvn/ Ilqdqfh dqg Vwrfkdvwlfv </ 536055;1
^6` 8 $j,OBjA +5333,1 Frkhuhqw ulvn phdvxuhv rq jhqhudo suredelolw| vsdfhv/ Suhsulqw1
^7`  $AuNia BAa c 7WBi|5 +4<8;,1 Olqhdu rshudwruv/ Yro L/ Lqwhuvflhqfh1
^8`  DiN|jAajW" +4<:6,1 Wrsrorjlfdo yhfwru vsdfhv/ Jrugrq dqg Euhdfk/ Qhz \run1
^9` v lBOBAN +4<<<,1 Khgjlqj dqg oltxlgdwlrq xqghu wudqvdfwlrq frvwv lq fxuuhqf| pdu0
nhwv/ Ilqdqfh dqg Vwrfkdvwlfv 6/ 56:057;1
^:` v lBOBAN BAa  7|iW"ji +5333,1 Wkh Kduulvrq0Solvnd duelwudjh Wkhruhp xqghu
wudqvdfwlrq frvw/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ wr dsshdu1
^;` -C -NW"Buj,,Bi +4<<:,1 Frqyh{ Dqdo|vlv/ Sulqfhwrq Odqgpdunv lq Pdwkhpdwlfv/
Sulqfhwrq Xqlyhuvlw| Suhvv1
^<` l vNtaB BAa . Qj|| +4<85,1 Ilqlwho| dgglwlyh phdvxuhv/ Wudqv1 Dphu1 Pdwk1
Vrf1 :5/ 790991
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